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Abstract
We consider the problem of computing N = 2 superconformal block functions. We argue
that the Kazama-Suzuki coset realization of N = 2 superconformal algebra in terms of the
affine ŝl(2) algebra provides relations between N = 2 and ŝl(2) conformal blocks. We show
that for N = 2 chiral fields the corresponding ŝl(2) construction of the conformal blocks is
based on the ordinary highest weight representation. We use an AGT-type correspondence
to relate the four-point ŝl(2) conformal block with Nekrasov’s instanton partition functions
of a four-dimensional N = 2 SU(2) gauge theory in the presence of a surface operator. Since
the previous relation proposed by Alday and Tachikawa requires some special modification
of the conformal block function, we revisit this problem and find direct correspondence for
the four-point conformal block. We thus find an explicit representation for the ŝl(2) four-
point conformal block and hence obtain an explicit combinatorial representation for the
N = 2 chiral four-point conformal block.
*E-mail: belavin@lpi.ru
Contents
1 Introduction and Summary 1
2 CFT with N = 2 SUSY and conformal blocks 2
3 Affine sl(2) blocks and instanton partition functions 5
4 KS mapping and N = 2 chiral conformal blocks 9
1 Introduction and Summary
Conformal invariance and the requirement that the operator algebra be associative reduces
the evaluation of the correlation functions in any conformal field theory [1] to the calcula-
tion of the structure constants and some universal (model independent) functions known as
conformal blocks. The conformal bootstrap property [2, 3] based on the crossing symmetry
relations for the four-point correlators is believed to suffice for the consistency of the con-
formal field theory. The crossing symmetry for the higher multipoint correlation functions
is not expected to give new restrictions on the structure of the operator algebra. From this
standpoint, the four-point conformal block plays a key role in CFT.
Conformal blocks are defined as power series of the conformal cross-ratios constructed
from the space-time coordinates. In principle, they are completely fixed by the conformal
symmetry, although directly computing their coefficients becomes quite laborious as the
power increases. An efficient recursive technique for calculating conformal blocks was in-
vented by Al. B. Zamolodchikov [4] and further developed in a series of papers (see e.g.
[5, 6, 7, 8]). Unfortunately, this method essentially depends on the topology of the target
space and on the number of points in the correlator, and an independent consideration is
therefore required in each particular case. Recently, following [9], several relations between
different types of 2d conformal field theories and instanton partition functions and their
associated moduli spaces in 4d N =2 supersymmetric gauge theories have been proposed.
This correspondence provides a way to evaluate arbitrary multipoint conformal blocks com-
binatorially. A basic conceptual question in this direction is how to find the dual instanton
moduli space associated with a given CFT symmetry algebra. Although there are many ex-
amples where the dual pairs have been found, a general understanding of the correspondence
is still lacking, and further detailed study of the unexplored CFTs seems desirable.
In this context, supersymmetric extensions of the ordinary Virasoro symmetry are the
most natural objects of investigation. In [10], the relation between theN =1 supersymmetric
CFT and N =2 SU(N) gauge theories on R4/Z2 was found. This connection was used in [11]
to construct the four-point N =1 super Liouville conformal block. Despite the permanent
interest in the N = 2 CFT related to its numerous applications in the superstring theory,
topological field theories, etc., the situation with the conformal blocks in the N = 2 CFT
is much less investigated. To our knowledge, essentially only the one-point function has
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been sufficiently well studied (see e.g. [12, 13, 14]). The N = 2 superconformal field
theory was recently considered in the context of the AGT correspondence [15]. The relation
between the highest-weight representations of the N =2 algebra and the so-called relaxed
representations of ŝl(2) was found by using the Kazama–Suzuki (KS) coset realization of the
N =2 superconformal algebra in terms of the ŝl(2) algebra. It was shown that the norm of
the Whittaker vector, which is related to the Gaiotto limit [16] of the four-point conformal
block, is equal to the analytically continued version of the instanton partition function for
the pure N =2 SU(2) gauge theory with a surface defect.
In this paper, we study the regular N = 2 four-point conformal blocks, focusing on a
special class of chiral fields. We show that by means of the KS map, the N = 2 chiral fields
are related to the ordinary ŝl(2) primary fields. Since the space of chiral fields is closed
under the operator algebra, there is no need to consider the effect of the relaxation in this
case. Hence, calculating the conformal blocks in the chiral ring and calculating the ordinary
ŝl(2) conformal blocks become equivalent. As the previous results [17, 18, 19] relating ŝl(2)
conformal blocks and the instanton partition functions require special modifications of the
conformal blocks, we revisit this correspondence by using an explicit definition of the dual
Laumon moduli space as an orbifold of the standard ADHM instanton moduli space. We
thus find an explicit representation for the ŝl(2) four-point conformal block without any
modifications and hence obtain an explicit combinatorial representation for the N = 2
chiral four-point conformal block.
The paper is organized as follows. In section 2, we review the N = 2 superconformal
algebra and its highest-weight representations and introduce the chiral conformal block. In
section 3, we review the conformal blocks of the ŝl(2) algebra and describe the relations
between the ŝl(2) conformal blocks and the instanton partition functions in SU(N) gauge
theories with a surface defect. Here, we discuss the problem of the K modification and give
an explicit representation for the four-point ŝl(2) conformal block in terms of the instanton
partition function. Our main result is contained in section 4, where we use the KS map to
find an explicit combinatorial representation for the N =2 chiral conformal block.
2 CFT with N = 2 SUSY and conformal blocks
In the N = 2 superconformal field theory the holomorphic component of the energy-
momentum tensor, T (z), is supplemented by two super currents, G+(z), G−(z) and by U(1)
current H(z). These four generators have conformal weights 2, 3
2
, 3
2
, 1 respectively.
In terms of modes, the N = 2 superalgebra is given by the following commutation
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relations
[Lm, Ln] = (m− n)Ln+m +
c
12
(m3 −m)δm+n,0 ,
[Lm, Hn] = −nHm+n ,
[
Lm, G
±
r
]
= (
m
2
− r)G±m+r ,
[Hm, Hn] =
c
3
m δm+n,0 , [Hm, G
±
r ] = ±G
±
m+r , (2.1)
{G+r , G
−
s } = 2Lr+s + (r − s)Hr+s +
c
3
(r2 −
1
4
)δr+s,0 .
Here c is the central charge. In what follows we consider the Neveu–Schwarz sector, where
the indices m,n are integers and r, s are half–integers. Fields of the N = 2 CFT belong to
the highest weight representations (the Verma modules) of the N = 2 algebra. The primary
fields V ω∆ (z) correspond to the highest weight vectors for which one has:
L0V
ω
∆ = ∆V
ω
∆ , H0V
ω
∆ = ωV
ω
∆ , Ln>0V
ω
∆ = 0 , Hn>0V
ω
∆ = 0 , G
±
r>0V
ω
∆ = 0 , (2.2)
where ∆ and ω are respectively the conformal weight and the U(1) charge of the primary
field. The Verma module contains all descendents of the given primary field obtained by the
action of creating generators on the highest weight vector. We introduce special notations
for the super–partners of the primary field V ω∆ :
V +∆,ω = G
+
−1/2V
ω
∆ , V
−
∆,ω = G
−
−1/2V
ω
∆ , V˜
ω
∆ =
1
2
(
G+−1/2G
−
−1/2 −G
−
−1/2G
+
−1/2
)
V ω∆ . (2.3)
Any conformal block is specified by the intermediate channel and defines the holomor-
phic contribution of the descendent states of a given primary one. In the final expres-
sion for the correlation function, the holomorphic and anti-holomorphic blocks are com-
bined with the structure constants and summed over intermediate primary fields allowed by
the fusion rules. Our concrete calculations focus on the conformal blocks of four primary
fields V ω1∆1 , V
ω2
∆2
, V ω3∆3 , V
ω4
∆4
with the primary field V ω∆ in the intermediate channel such that
ω1 + ω2 = ω = ω3 + ω4. Inserting a complete set of states in the correlation function one
finds the following schematic expression
FN2
(
∆1, ω1 ∆4, ω4
∆2, ω2 ∆3, ω3
∣∣∣∣∆, ω
∣∣∣∣ z
)
=
∞∑
l=0
zl
∑
α,β
〈V ω1∆1 |V
ω2
∆2
|α〉l × (K
−1
∆,ω(l))αβ × l〈β|V
ω3
∆3
|V ω4∆4 〉 ,
(2.4)
where the sum is performed over all lth level descendants |α〉l of the field V ω∆ and H0|α〉l =
ω|α〉l. This restriction arises because of the conservation of the U(1) current. The matrix
K−1∆,ω(l) is the inverse of the corresponding block of Gram/Shapovalov matrix ((K∆,ω(l))αβ =
l〈α|β〉l). The triple vertices 〈V
ω1
∆1
|V ω2∆2 |α〉l and l〈β|V
ω3
∆3
|V ω4∆4 〉 can be obtained by using the
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following commutation relations for the vertex operator V (z) + V ω∆ (z) and its superpartners
[Lk, V (z)] = ((k + 1)∆z
k + zk+1∂)V (z) ,
[Lk, V
±(z)] = ((k + 1)(∆ +
1
2
)zk + zk+1∂)V ±(z) ,
[Lk, V˜ (z)] = k(k + 1)
ω
2
zk−1V (z) +
(
(k + 1)(∆ + 1)zk + zk+1∂
)
V˜ (z) ,
[Hk, V (z)] = ωz
kV (z) ,
[Hk, V
±(z)] = (ω ± 1)zkV ±(z) , (2.5)
[Hk, V˜ (z)] = 2k∆z
k−1V (z) + ωzkV˜ (z) ,
[G±k , V (z)] = z
k+ 1
2V ±(z) ,
{G±k , V
±(z)} = 0 ,
{G±k , V
∓(z)} = ((k +
1
2
)(2∆± ω)zk−
1
2 + zk+
1
2∂)V (z)± zk+
1
2 V˜ (z) ,
[G±k , V˜ (z)] = ∓(k +
1
2
)(2∆± ω + 1)zk−
1
2V ±(z)∓ zk+
1
2∂V ±(z) ,
and taking into account that 〈V ω1∆1 |V
ω2
∆2
(z)|V ω∆ 〉 ∝ z
∆−∆2−∆1. The normalization is fixed by
the requirement that the first coefficient in z-expansion of the conformal block is one.
In what follows we are interested in the chiral primary fields [20, 21]. The primary field
is called chiral if it satisfies
G+−1/2V
ω
∆ = 0 . (2.6)
That is half of its super-partners vanish. The condition (2.6) implies ω = 2∆, meaning that
a chiral primary field depends on one continuous parameter instead of two. Since below
we are always dealing with N = 2 chiral fields, we denote them simply by V∆(z). The
commutation relations (2.5) for the chiral states are reduced to the following system
[Lk, V (z)] = ((k + 1)∆z
k + zk+1∂)V (z) ,
[Lk, V
−(z)] = ((k + 1)(∆ +
1
2
)zk + zk+1∂)V −(z) ,
[Hk, V (z)] = ωz
kV (z) ,
[Hk, V
−(z)] = (ω − 1)zkV −(z) , (2.7)
[G+k , V (z)] = 0 ,
[G−k , V (z)] = z
k+ 1
2V −(z) ,
{G+k , V
−(z)} = ((k +
1
2
)(2∆ + ω)zk−
1
2 + zk+
1
2∂)V (z) ,
{G−k , V
−(z)} = 0 .
The conservation of the U(1) current together with the condition (2.6) reduce the number
of the parameters of the conformal blocks. For the four-point conformal block we choose
free independent parameters to be ∆2,∆3 and ∆. The coefficients in the power expansion
FN2
(
∆−∆2 ∆−∆3
∆2 ∆3
∣∣∣∣∆
∣∣∣∣ z
)
≡FN2(∆2,∆3,∆; z)=
∞∑
l=0
zlF (l)N2(∆2,∆3,∆), (2.8)
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can be found order by order from (2.7). The explicit formulae for the first three coefficients
are listed below
F (0)N2 (∆2,∆3,∆) = 1 ,
F (1)N2 (∆2,∆3,∆) =
2∆2∆3
∆
,
F (2)N2 (∆2,∆3,∆) = ∆2∆3 ×(
12∆2∆3 − 2(∆2 +∆3) + cˆ(1 + 2∆2)(1 + 2∆3) + 4∆(1− 2∆2)(1− 2∆3) + 16∆2 − 1
)
∆(1 + 2∆)(4∆ + cˆ− 1)
,
where cˆ ≡ c/3.
3 Affine sl(2) blocks and instanton partition functions
In [17] the correspondence between ŝl(2) conformal field theory and four-dimensional N = 2
gauge field theories was found. This correspondence provides explicit representation for ŝl(2)
conformal blocks with insertion of a certain K operator in terms of Nekrasov instanton
partition functions on the Laumon moduli spaces. For computing N = 2 conformal blocks
in the next section, the proper ŝl(2) conformal block is relevant. It was noticed in [22, 23,
24, 25, 26] that for four-point conformal block the effect of the insertion of the K operator
can be replaced by considering a modified mapping between the gauge theory and the CFT
variables. In this section we briefly recall this correspondence and describe the necessary
modification in case of four-point function.
The ŝl(2) commutation relations are
[J0n, J
0
m] =
k
2
n δn+m,0 , [J
0
n, J
±
m] = ±J
±
n+m , [J
+
n , J
−
m] = 2J
0
n+m + k n δn+m,0 , (3.1)
where n,m ∈ Z and k is the level of ŝl(2). The highest-weight representation (module) is
defined by imposing the following requirements on the highest-weight state |j〉:
J00 |j〉 = j|j〉 , J
0
n>0|j〉 = J
−
n>0|j〉 = J
+
n≥0|j〉 = 0 , (3.2)
and is freely generated by the action of the remaining modes JAn . The energy level (minus the
sum of the mode numbers) and J00 charge define two natural gradings in the ŝl(2) module.
Similar to the N = 2 case the matrix of inner products of descendants has a block-diagonal
structure with respect to these gradings.
We are interested in the conformal blocks of the primary ŝl(2) fields Vji(zi). In four-point
case one finds
F (n)
ŝl2
(
j1 j4
j2 j3
∣∣∣∣ j
∣∣∣∣ z
)
=
∞∑
l=0
zl
∑
α,β
〈Vj1|Vj2|α〉l × (K
−1
j,n(l))αβ × l〈β|Vj3|Vj4〉 , (3.3)
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where |α〉l, |β〉l are lth level descendants of the field Vj such that J00 |α〉l = (j + n)|α〉l and
n is some integer n ≥ −l. The matrix K−1j,n(l) is the inverse of the corresponding block of
Gram/Shapovalov matrix. The triple vertices 〈Vj1|Vj2|α〉l and l〈β|Vj3|Vj4〉 are obtained by
introducing auxiliary variable x on which sl(2) acts and using the following commutation
relations for the vertex operator Vj(z, x)
[Jan , Vj(z, x)] = z
nDaVj(x, z) , (3.4)
where the differential operators Da are given by
D+ = −x2∂x + 2jx ,
D0 = −x∂x + j ,
D− = −∂x . (3.5)
and taking into account that 〈Vj1|Vj2(x, z)|Vj〉 ∝ x
j1+j2−j. One finds the following first
coefficients of the series expansion
∑
n
xnF (n)
ŝl2
(
j1 j4
j2 j3
∣∣∣∣ j
∣∣∣∣ z
)
=
= z0x0 +
(j1 − j2 − j)(j3 − j4 + j)
2j
z0x1 +
(j3 + j4 − j)(j1 + j2 − j)
2j − k
z1x−1+
+
(
(j4 − j)(j1 + j21 − j2 − j
2
2 − j − j
2)− (j1 − j)(j3 + j4 − j)(1 + j3 − j4 + j)
j(2 + k)
+ (3.6)
+
(j1 + j2 − j)(1− j1 + j2 + j)(j3 + j4 − j)(1 + j3 − j4 + j)k
2j(2 + k)(−2j + k)
)
z1x0 + · · ·
From (3.2) we note that the power of x in the denominator cannot be lager then the power
of z.
The dual AGT description of ŝl(N) conformal blocks involves the instanton partition
functions of N = 2 SU(N) gauge theories with a certain surface defect [17, 18, 19]. The
relevant instanton moduli space is known as Laumon space [27, 28, 29]. According to
the general rule, to consider the four-point conformal block in addition to the gauge field
multiplet, four matter fields in the fundamental representation should be taken into account
in the instanton calculations. Below we formulate the result for this particular case. Because
of the Nekrasov’s deformation the functional integral of the gauge theory is localized and the
evaluation of the instanton partition function is reduced to the calculation of the bosonic and
fermionic determinants in the fixed points of some vector field ~v acting on the Laumon space.
The Laumon space itself is defined by imposing some additional Z2 symmetry restriction on
the ordinary ADHM moduli space, and hence can be considered as its Z2 symmetric sub-
space 1. This manifold contains a number of disconnected components, characterized by two
topological numbers k1 and k2. For each component, these integers give the dimensions of
1Our approach follows [15] where the precise definitions can be found.
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its subspaces having different parities with respect to the Z2 symmetry. The fixed points are
labelled by pairs of Young diagrams ~Y = (Y1, Y2). The form of the Young diagrams can be
translated into the corresponding solution of the ADHM relations. The parity characteristic
0, 1 is assigned to each box in the Young diagrams related to the fixed point. In our case,
(1, 1) boxes in the first and in the second diagrams have q1 = 0 (white) and q2 = 1 (black)
respectively. The parity of the boxes is the same in each column and differ between two
neighbour columns of the diagram. Each fixed point belongs to one or another connected
components of the Laumon moduli space. The corresponding instanton numbers k1, k2 are
given by ∑
j=1
[(Y1)2j−1 + (Y2)2j ] = k1 ,
∑
j=1
[(Y1)2j + (Y2)2j−1] = k2 , (3.7)
where (Yα)j denotes the height of column j in the diagram Yα. In other words, k1 and k2
are the total numbers of white and black boxes in (Y1, Y2).
The instanton partition function is given by
Zinst(mi,~a|y1, y2) =
∑
~Y
Z~Y (mi,~a)y
k1
1 y
k2
2 , (3.8)
where ~a = (a,−a) is the vacuum expectation value of the gauge field andmi are the masses of
the hypers. In each fixed point Z~Y (mi,~a) gets contributions from the gauge vector multiplet
and from the (anti-)fundamental matter fields
Z~Y (mi,~a) = Z
vec
~Y
(~a)Zf~Y (mi,~a) . (3.9)
To evaluate the determinant coming from the gauge multiplet in the fixed point one needs
to know the eigenvalues of the vector field ~v on the tangent space. The problem is reduced
to the evaluation of the matrix elements between basis vectors represented by the cells of the
Young diagrams and leads to the standard form of the vector contribution [9]. In case of the
Laumon space the tangent space is reduced by the additional requirement of Z2 symmetry,
hence the eigenvectors out of the new tangent space should be excluded, this gives [15]:
Zvec~Y (~a)=
2∏
α,β=1
∏
sα∈Y
(0)
α,β
E−1
Yα,Yβ
(aβ−aα|sα)
∏
sα∈Y
(1)
α,β
(
ǫ−EYα,Yβ(aβ−aα|sα)
)−1
, (3.10)
where ǫ = ǫ1 + ǫ2 (ǫ1,2 are Omega-background deformation parameters) and
EYα,Yβ(x|sα) = x+ ǫ1(LYα(sα) + 1)− ǫ2AYβ(sα) . (3.11)
The leg-factor LYβ(sα) and the arm-factor AYβ(sα) are correspondingly the lengths from the
box sα ∈ Yα to the end of the column and to the end of the row with respect to the Young
diagram Yβ. The regions Y
(g)
α,β (g = 0, 1) in (3.10) are defined as
Y
(g)
α,β = {sα ∈ Yα | qβ − qα − Aβ(sα) = g mod 2} . (3.12)
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Because of the fermionic zero-modes, hypermultiplets give additional contributions in the
instanton partition function. This effect can be described by attaching additional fiber to
the fixed point. The corresponding contribution of the fundamental hypermultiplets with
masses mi evaluated on the ADHM moduli space looks as [9]
Z
f (0)
~Y
(mi,~a) =
4∏
i=1
2∏
α=1
∏
s∈Yα
(
φ(aα, s) +mi
)
, (3.13)
where
φ(x, s) = x+ (is − 1)ǫ2 + (js − 1)ǫ1 , (3.14)
where in our conventions s box is found in the ith column and in the jth row of the
diagram. In the Laumon space we impose some restrictions on the set of eigenvectors for
the fundamental multiplets of the same origin as in the vector case. This gives the following
form of the contribution of the fundamental hyper multiplets
Zf~Y (mi,~a) = (−1)
|~Y |
∏
s∈Y1
s−white
(
φ(a, s) +m1
)(
φ(a, s) +m4
)∏
s∈Y1
s−black
(
φ(a, s) +m2
)(
φ(a, s) +m3
)
(3.15)
×
∏
s∈Y2
s−white
(
φ(−a, s) +m1
)(
φ(−a, s) +m4
)∏
s∈Y2
s−black
(
φ(−a, s) +m2
)(
φ(−a, s) +m3
)
.
This result can be alternatively derived from the general expression for the bifundamen-
tal multiplet contribution which can be found in [17]. We note that to make our results
compatible with those in [17, 18] the following redefinition of the parameters is required
ǫ2 →
ǫ2
2
, a→ a+
ǫ2
4
, (3.16)
and
m1 → m1 + ǫ1 +
3ǫ2
4
, m2 → m2 + ǫ1 +
ǫ2
4
, m3 → m3 +
ǫ2
4
, m4 → m4 −
ǫ2
4
. (3.17)
In [17, 18] the relation between the instanton partition functions and ŝl(2) conformal
blocks modified by the insertions of some additional operator was found. For our purposes
we will need to have similar relation for the conformal block without any modification. For
four-point function this relation can be obtained provided
j1 = −
ǫ1 + ǫ2 +m1 −m2
2ǫ1
, j2 = −
m1 +m2
2ǫ1
, j3 = −
m3 +m4
2ǫ1
, j4 = −
ǫ1 + ǫ2 −m3 +m4
2ǫ1
,
j = −
ǫ1 + ǫ2 − 2a
2ǫ1
, k = −
2(ǫ1 + ǫ2)
ǫ1
, y1 = −x , y2 = −
z
x
. (3.18)
Using this map one finds the following connection between the instanton partition function
of the surface operator given in (3.8)-(3.15) and the four-point ŝl(2) conformal block function
Zinst(mi,~a|y1, y2) = (1− z)
−
2j2j3
k+2
∑
n
xnF (n)
ŝl2
(
j1 j4
j2 j3
∣∣∣∣ j
∣∣∣∣ z
)
. (3.19)
We have checked this relation up to the fifth order.
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4 KS mapping and N = 2 chiral conformal blocks
The N = 2 superconformal algebra can be realised in terms of ŝl(2) and a free complex
fermion ψ(z) (ψ¯(z)) by using Kazama–Suzuki coset construction [30, 31]
sˆl(2)k× û(1)
û(1)
, (4.1)
where k is the level of the affine ŝl(2) algebra. The û(1) algebra in the numerator of the
coset (4.1) corresponds to the conserved current ψψ¯(z) while the û(1) sub-algebra in the
denominator is generated by
K(z) = J0(z)− ψψ¯(z) . (4.2)
The N =2 superconformal algebra is defined as sub-algebra in the numerator of (4.1) which
commutes with K(z). This requirement fixes
H(z) =
1
2(k + 2)
J0(z) +
k
k + 2
ψψ¯(z). (4.3)
The odd generators G+ and G− are produced as
G+(z) =
√
2
k+2
ψ(z)J+(z) , G−(z) =
√
2
k+2
ψ¯(z)J−(z) , (4.4)
By construction they have dimensions 3/2 and vanishing OPEs with K(z). The stress-
energy tensor T (z) of the N = 2 algebra is uniquely fixed from the G+(z)G−(w) operator
product expansion. The central charge of the N = 2 algebra is expressed in terms of the
ŝl(2) level k as
c =
3k
k + 2
. (4.5)
To build up the highest weight representation, we need to specify the primary fields
of the N = 2 algebra. General primary fields can be constructed from the relaxed ŝl(2)
primary fields Φλj (z) [32] dressed by the exponential fields e
βφ, where the bosonic field φ is
related to the current K(z) as
K(z) = ∂φ(z) . (4.6)
The parameter β is again fixed by the requirement of having vanishing OPEs between K(z)
and the N =2 primary fields
V ω∆ (z) = Φ
λ
j (z)e
βφ(z) . (4.7)
This requirement fixes also the relations between the parameters
∆ =
j(j+1)− λ2
k + 2
, ω =
2λ
k + 2
. (4.8)
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For the N = 2 chiral primary fields one finds that λ = j, hence the corresponding ŝl(2)
filed is the highest weight vector Φj(z) satisfying (3.2) and the mapping between parameters
is
ω = 2∆ =
2j
k + 2
. (4.9)
Because ŝl(2) and the free fermion sectors do not interact, the N = 2 conformal blocks
are given by the products of the conformal blocks of the free exponential fields and the
conformal blocks of the primary ŝl(2) fields. The former can be computed explicitly, so that
in four-point case, one finds the following relation
FN2
(
∆−∆2 ∆−∆3
∆2 ∆3
∣∣∣∣∆
∣∣∣∣z
)
= (1− z)
2j2j3
k+2 F (0)
ŝl2
(
j − j2 j − j3
j2 j3
∣∣∣∣j
∣∣∣∣z
)
. (4.10)
Taking the results of the previous section into account, one finds thatN = 2 chiral conformal
block can be expressed in terms of the Nekrasov’s instanton partition function. Combining
(3.19) and (4.10) we obtain the following explicit combinatorial representation for the N =2
chiral four-point block (with k1,2 being defined in (3.7)):
FN2(∆2,∆3,∆; z) = (1− z)
8∆2∆3
1−cˆ
∑
Y1,Y2
k1=k2
Kf(Y1, Y2)
Kv(Y1, Y2)
zk2 , (4.11)
where
Kv(Y1, Y2) =
∏
s∈Y1
A(s1)−odd
EY1,Y2(2a|s)(ǫ− EY1,Y1(0|s))
∏
s∈Y1
A(s)−even
EY1,Y1(0|s)
(
ǫ− EY1,Y2(2a|s)
)
(4.12)
×
∏
s∈Y2
A(s)−odd
EY2,Y1(−2a|s)(ǫ−EY2,Y2(0|s))
∏
s∈Y2
A(s)−even
EY2,Y2(0|s)
(
ǫ− EY2,Y1(−2a|s
)
,
and
Kf(Y1, Y2) =
∏
s∈Y1
s−white
(
φ(a, s) +m1
)(
φ(a, s) +m4
)∏
s∈Y1
s−black
(
φ(a, s) +m2
)(
φ(a, s) +m3
)
(4.13)
×
∏
s∈Y2
s−white
(
φ(−a, s) +m1
)(
φ(−a, s) +m4
)∏
s∈Y2
s−black
(
φ(−a, s) +m2
)(
φ(−a, s) +m3
)
.
From (3.18) it follows that m1 = m4 = −a. Taking into account this constraint, one finds
that if the first diagram is not empty, the corresponding contribution Kf(Y1, Y2) is zero. The
sum in (4.11) is reduced to the sum over one Young diagram
FN2(∆2,∆3,∆; z) = (1− z)
8∆2∆3
1−cˆ × (4.14)
×
∑
Y
k1=k2
∏
s∈Y
s−white
φ(−2a, s)φ(−2a, s)
∏
s∈Y
s−black
(
φ(−a, s) +m2
)(
φ(−a, s) +m3
)
∏
s∈Y
A(s)−odd
EY,∅(−2a|s)(ǫ−EY,Y (0|s))
∏
s∈Y
A(s)−even
EY,Y (0|s)
(
ǫ− EY,∅(−2a|s
)zk2 ,
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where the direct mapping between N = 2 CFT and gauge theory parameters is
∆2 =
m2 − a
4ǫ2
, ∆3 =
m3 − a
4ǫ2
, ∆ =
ǫ1 + ǫ2 − 2a
4ǫ2
, cˆ = 1 +
ǫ1
ǫ2
. (4.15)
Hence we come to our main result, the following closed expression for the conformal
block function of four N = 2 chiral primary operators:
FN2(∆2,∆3,∆; z) = (1− z)
8∆2∆3
1−cˆ
∑
Y
k1=k2
BY (∆2,∆3,∆)z
k2 , (4.16)
with the coefficients
BY (∆2,∆3,∆) = (4.17)∏
(i,j)∈Y
i−even
(
4∆− cˆ+ (i− 1) + (j − 1)(cˆ− 1)
)2
∏
(i,j)∈Y
i−even
(
cˆ− 4∆− (i− 1)− (Y ′i − j)(cˆ− 1)
)∏
(i,j)∈Y
(Yj−i)−even
(
(i− Yj) + (Y ′i − j + 1)(cˆ− 1)
) ×
×
∏
(i,j)∈Y
i−odd
(
4∆2 + (i− 1) + (j − 1)(cˆ− 1)
)∏
(i,j)∈Y
i−odd
(
4∆3 + (i− 1) + (j − 1)(cˆ− 1)
)
∏
(i,j)∈Y
i−odd
(
4∆ + (i− 1) + (Y ′i − j)(cˆ− 1)
)∏
(i,j)∈Y
(Yj−i)−odd
(
cˆ− (i− Yj)− (Y ′i − j + 1)(cˆ− 1)
) .
Here we write Yj and Y
′
i for the numbers of boxes in the jth row and the ith column
correspondingly. Below we list the results for the first two levels.
At level 1, we have k1,2 = 1. There is only one such diagram Y = . The corresponding
contribution is
BY (∆2,∆3,∆) =
2∆2∆3(cˆ− 4∆− 1)
(cˆ− 1)∆
. (4.18)
At level 2, we have k1,2 = 2. One finds two possible diagrams: Y1 = and Y2 = .
The corresponding contributions are
BY1(∆2,∆3,∆) =
∆2∆3(2∆2 + 1)(2∆3 + 1)(cˆ− 4∆− 3)(cˆ− 4∆− 1)
(cˆ− 3)(cˆ− 1)∆(2∆ + 1)
,
BY2(∆2,∆3,∆) =
4∆2∆3(cˆ+ 4∆2 − 1)(cˆ+ 4∆3 − 1)(cˆ− 4∆− 1)
(cˆ− 3)(cˆ− 1)2(cˆ+ 4∆− 1)
. (4.19)
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